Variable Separation Solutions for the (2+1)-Dimensional Breaking
Soliton Equation

Ya-Hong Hu?, Jia-Cheng Lan?, and Zheng-Yi Ma?®

2 College of Mathematics and Physics, Zhejiang Lishui University,
Zhejiang Lishui 323000, P.R. China

b Shanghai Institute of Applied Mathematics and Mechanics, Shanghai University,
Shanghai 200072, P.R. China

Reprint requests to Dr. Z.-Y. M.; E-mail: mazhengyi_77@yahoo.com.cn
Z. Naturforsch. 61a, 423 — 429 (2006); received July 5, 2006

With the variable separation approach and based on the general reduction theory, we successfully
obtain the variable separation solutions for the (2+1)-dimensional breaking soliton equation using of
the projective Riccati equation. Based on one of the variable separation solutions and by selecting
appropriate functions, a new type of interaction between the multi-valued and the single-valued soli-

tons, that is a compacton-like semi-foldon and a 4-compacton, is investigated.
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1. Introduction

In recent decades, there has been noticeable
progress in the study of the soliton theory. It is widely
applied in many natural sciences such as chemistry, bi-
ology, mathematics, communication, and particularly
in almost all branches of physics like fluid dynam-
ics, plasma physics, field theory, nonlinear optics, con-
densed matter physics. Therefore, constructing possi-
ble exact solutions to a nonlinear model arising from
the field of mathematical physics is a popular topic,
although solving nonlinear physics problems is much
more difficult than solving linear ones.

The extension of the variable separation approach
in linear physics to nonlinear field has been a high-
light, and three kinds of variable separation procedures
have been presented recently. The first method is called
the formal variable separation approach (FVSA) [1] or,
equivalently, the symmetry constraints [2]. The sec-
ond one is the procedure of searching the functional
separable solutions (FSSs) [3] and the derivative-
dependent functional separable solutions (DDFSSs)
[4] to a partial differential equation (PDE) via the gen-
eralized conditional symmetries (GCSs) [5]. These two
kinds of solutions have been discussed from the point
of symmetry groups and the form ansatz. And they
are the extensions of the classical additive or prod-
uct separable solutions. The last (third) one is now

called the multilinear variable separation approach
(MLVSA) established first in 1996 for the Davey-
Stewartsen (DS) equation [6]. Then the MLVSA
has been revised and developed recently for various
(2+1)-dimensional models, including the Broer-Kaup-
Kupershmidt (BKK) system, the Nizhnik-Novikov-
Veselov (NNV) equation, the long-wave-short-wave
resonance interaction equation, the (2+1)-dimensional
dispersive long wave (DLW) equation, and so on.
Furthermore, Tang et al. [7] presented an univer-
sal formula for (2+1)-dimensional systems. Based on
this universal formula, quite rich localized excitations,
such as dromions, ring solitons, peakons, compactons,
foldons, chaotic patterns and fractal patterns, can be
obtained.

Now a significant and interesting issue is whether
there are other direct and simple approaches to obtain
variable separation solutions for (2+1)-dimensional
systems. Recently, along with the variable separation
idea, Zheng et al. [8, 9] realized variable separations
for the BKK system and DLW equation by the map-
ping method which is successfully applied to derive
rich traveling wave solutions [10]. However, one can
find that it is too difficult to extend this mapping
method to obtain variable separation solutions for other
(2+1)-dimensional systems. Fortunately, to our excite-
ment, with the help of an auxiliary equation and based
on the general reduction theory, we successfully ob-
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tained five couples of variable separation solutions
for the (2+1)-dimensional breaking soliton (BS) equa-
tion [11]

Ut + KUyxy + 4kuvy + 4kuxv = 0, 1)

Uy —Vx =0, (2)
where u = u(x,y,t),v=v(X,y,t), and K is an arbitrary
constant. (1) and (2) describe the interaction of a Rie-
mann wave propagating along the y-axis with a long
wave along the x-axis and it seems that it has been
investigated extensively where overlapping solutions
have been derived. Radha and Lakshmanan [12] have
proved that (1) and (2) possess the Painlevé property
and found dromion-like structures. Zhang et al. [13]
have derived a special variable separation solution of
(1) and (2) with the help of the Bécklund transforma-
tion.

It is shown in Section 2 that the novel exact so-
lutions, including multiple soliton solutions, periodic
soliton solutions and Weierstrass function solutions for
the (2+1)-dimensional BS system, are derived by a
special mapping transformation procedure. Section 3
deals with the nonlinear coherent structures of this sys-
tem. That is, a new type of inelastic interaction be-
tween the multi-valued and the single-valued solitons
is investigated. The last section consists of a short sum-
mary and discussion.

2. Variable Separ ation Solutionsfor the
(2+1)-Dimensional BS Equation

Letting f = f(£(X)),g=9g(&(X)) [where & = & (X)
is a still undetermined function of the independent
variables X = (o = t,Xg, %2, -+ ,Xm)], the projective
Riccati equation [14, 15] is defined by

f'=pfg,g =q+pg®—rf, ®3)

where p?2 =1, g and r are two real constants. When
p=—1andq=1, (3) reduces to the coupled equations
given in [14]. The following relation between f and g
can be satisfied:

2
= [a-art+ 2042, @

where 6 = +1. Equation (3) has ever been discussed
in [15]. In this paper, we discuss some other cases.

Lemma. If the condition of (4) holds with other
choices of J, the projective Riccati equation (3) has
the following solutions:
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(@) If 8§ = —r2, the Weierstrass elliptic function so-
lution is admitted:

_ 9,2 _ 1247(€)
_6r+pr‘(o(é)’g q+12p@(&)’ ®

Here p = £1, the Weierstrass elliptic function g(£) =
(8192, 0a) satisfies 2%(§) = 40°(§) — G22(&) — Ga,
and g = 35,03 = 5.

(b) If 6 = —%7 the projective Riccati equation has
the Weierstrass elliptic function solution

(50, 5pe’

59, Spa ' (&)
6r  T2rp(&)’ 2(8)(120(8) +pa)’

where p= +1. Both gand r in (5) and (6) are arbitrary
constants.

(c) 1f § =h?—¢ and pg < 0, (3) has the solitary
solution

(6)

B q
= r +scosh(y/=pdg) + hsinh(,/=pac)

~V/—pq_ssinh(y/=pgs) + hcosh(y/—pgs)
p r+scosh(y/=pqgé)+ hsinh(/—pgé)’
(7

g:

where p = £1; sand h are arbitrary constants.
(d) If § = —-h?—¢ and pq > 0, we have the
trigonometric function solution

_ q
= r +scos(,/pag ) + hsin(,/pgé)’

:m ssin(,/pqgé) — hcos(,/paé)
p r+scos(,/pag)+ hsin(,/pgé)’

where p = £1; sand h are arbitrary constants.
(e) Ifq=0, (3) has the rational solution

‘ 2

- pré2+CiE -G

2pré +C
pr&2+Ci& —C)p’
where C;,C,, and r are arbitrary constants, and
p=+1.

We now introduce the mapping approach via the
above projective Riccati equation. The basic idea of
the algorithm is: Considering a nonlinear partial dif-
ferential equation (NPDE), with independent variables

©)
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X'= (X =t,X1,X, -+ ,Xm) and the dependent variable

u=u(X),

P(U,U'[,Uxi7Uxixj7"') :07 (10)
where P is a polynomial function of its arguments and
the subscripts denote the partial derivatives, we assume
that its solution is written as the standard truncated
Painlevé expansion

u:A0<x>+i<A-<><>f<5<X>>

+Bi(X)g(£ (X)) H(E(X)).

Here Ag(X),Ai(X),Bi(X) (i =1,...,n) are arbitrary
functions to be determined, and f, g satisfy the projec-
tive Riccati equation (3).

To determine u explicitly, one proceeds as follows:
First, similar to the usual mapping approach, we can
determine n by balancing the highest-order nonlin-
ear term with the highest-order partial derivative term
in (10). Second, substituting (11) with (3) and (4) into
the given NPDE, collecting the coefficients of the poly-
nomials of figl (i =0,1,---,j = 0,1) and eliminat-
ing each of them, we can derive a set of partial differ-
ential equations of Ag(X),Ai(X),Bi(X) (i=1,...,n)
and & (X). Third, to calculate Ag(X),Ai(X),Bi(X) (i =
1,...,n) and &(X), we solve these partial differential
equations. Finally, substituting Ao(X),Ai(X),Bi(X)
(i=1,...,n),&E(X), and the solutions (5)-(9) into
(11), one obtains solutions of the given NPDE.

Now, we apply the above mapping approach to the
(2+1)-dimensional BS system. According to the bal-
ancing procedure, (11) becomes

u=A+Bf(§)+Cf*(&)+Dg(§)+Ef(E)(). (12)

v=a+bf(&)++cf?(&)+dg(&)+ef(£)g(&), (13)

where A,B,C,D,E,a,b,c,d,eand & are arbitrary func-
tions of {x,y,t} to be determined. Substituting (12),
(13) with (3) and (4) into (1) and (2), collecting
the coefficients of the polynomials of figl (i =
0,1,2,3,4,j=0,1) and setting each of the coefficients
to zero, we can derive a set of partial differential equa-
tions for A,B,C,D,E,a,b,c,d,e and &. It is difficult
to obtain the general solution of these algebraic equa-
tions based on the solutions of (3). Fortunately, in
the special case that & = y(x) + @(y,t), where x(x),
o(y,t) = o(Hy+ ) (H and Sare two arbitrary con-
stants) are two arbitrary variable separated functions of

(11)

425

xand (y,t), respectively, we can obtain solutions of (1)
and (2).

Theorem. For the (2+1)-dimensional BS system
(1), (2), there are five couples of variable separated so-
lutions, related to the projective Riccati equation (3).

(@) For 8§ = —r2, the Weierstrass elliptic function
solution is

_ 1 3
U= iy (Kxpox@y + 2x@t — PAKYy @y

+3pkr gy (&) + 3pkyopyd(£))

V= oy t(E), (14)

where p=+1, and f,g are expressed by (5).
(b) For6 =— %, another set of Weierstrass elliptic

function solutions is found:

=+ ( — 250k _25

+25pqPkys @y 30/ —6 pakr 2y f (£)
—75pakr x3 oy f(€) + 72pkr? gy F2(€)
~T5Palx009y9(E) £ 30y/~BpAPkT 259y F(£)g(8))
prxxy f(E)(—25q+-24rf (&)

+10,/-6pag(§)),

where p=+1; gand r in (14) and (15) are arbitrary
constants, f and g are expressed by (6).

(c) For § =h?®—<?and pg < 0, a couple of solitary
solutions is

,_ 3
~ 100q
(15)

= — _ 21cny3
U= T (py( Kooy — Aax + POkt @y

£34/(8* — h? — r2) paky ey F (€) —3parkyS oy f (&)
—3pkey (s — h? —r?) 22 £2(&) — 3pakypayd(€)

+3,/( — 2~ r2)papkyde, 1 ()9(¢) ).
v= %pqu»yf(é)(—qr—(sz—hz—r2>f<é>

/(£ —-h?2—r2)pag(§)), (16)

where p = +1; sand h are arbitrary constants, f and g
are expressed by (7).

(d) For § = —h? —<? and pq > 0, the trigonometric
function solutions are
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u=
4gkyxpy

(_quxxxﬁoy_ Wxpr + PAPKy S @y £ 34/ (S + M2 — r2) paky gy F () — 3pakr ey T (E)
Bpk(E 12— 1) 130, P2(E) — 3pakayd(E) £ 3, /(S 1 r2>pqpkxfcoyf<é>g<é>) 7

a7

V= %P%xq’yf(é) (—qr—(52+h2—r2)f(€)i (32+h2—r2)pqg(§)> ,

where p = £1; sand h are arbitrary constants, f and g are expressed by (8).

(e) For =0, a pair of rational solutions is

1
4 o <4kxxxx(py—|— B + 6Pk (j: /G2 +4Copr gt~ 2rx§’> o f (&)

+3p?K(CF +4Cpr) xe oy (&) + 12Ky ya(&) £ 64/C2 + e pr pzkaE’f(é)g(é)) ,

(18)

V= _%p;(x(pyf(g) <4r+ p(Cf+4C2pr)f(§)i2p\/mg(§)) )

where C1,C; and r are arbitrary constants, p = +1, f and g are expressed by (9).

3. New Type of Interaction between Solitonsin the (2+1)-Dimensional BS Equation

In this section, we discuss a novel localized structure for the physical quantity v expressed by (18).
For simplification, we take the constants p = 1,r = 2,C; = 3 and C, = 4, then the absolute value V of the
function v in (18), henceforth denoted as physical quantity, becomes

3

where ¥ = x(X) is an arbitrary function of x, ¢ =
o(y,t) = o(Hy+ ), H and Sare two arbitrary con-
stants. As the arbitrariness of the functions y and ¢
included in (19), the physical quantity V may obvi-
ously extend to several different types of structures,
such as the multi-soliton solutions, multi-dromion
and dromion lattices solutions, multiple ring soliton
solutions, breathers, instantons, oscillating solitons,
peakons, compactons, chaotic and fractal localized so-
lutions. For instance, a dromion solution which is lo-
calized in all directions can be driven by multiple
straight-line and straight-line ghost solitons. When the
functions y and ¢ are simply chosen as

M
X = 2 eKiX+X0i ,
i=1

N
=1+ zeki)"‘rlit'i‘YOi,
i=1

82— 6v41—8V41(x + ¢)
200 +9)2+3(x + ) —4)?

8
"X"’y<2<x+<p>2+3<x+<p>—4+<

; (19)

where Kj, ki, l;, Xoi and yp; are arbitrary constants and
M,N are positive integers, we can obtain a particu-
lar multi-dromion solution for the physical quantity V.
Meanwhile, when the functions y and ¢ are consid-
ered to be some piecewise smooth functions, we can
derive some multi-peakon excitations for the physical
quantity V. For example, when

M
— 2 (X), x<0,
x_.zzi{ —xi(—x)+2%i(0), x>0,
o= ay+ k). y+k <0,
= —oi(-y—k)+2¢i(0), y+kt>0,

where the functions yi(x) and ¢i(y+kt) = ¢(&) are
the differentiable functions of the indicated arguments
and possess the boundary conditions

Xi(i‘x’):Ad:i» (i:1727"'7M)7
(pi(:lzoo) = B.4j, (i =1,2,--- ,N)
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with Aij and B.; being constants and/or even in-
finity, we can derive a special multi-peakon solution
for the physical quantity V. Since similar situations
have been widely discussed in some previous pub-
lications [6-09,16], the related plots are omitted in
our present paper. Here we are interested in studying
some new type of interaction between solitons in the
(2+1)-dimensional BS equation.

Based on the physical quantity (19), semi-folded lo-
calized structures can be discussed, when the function
x is a single-valued function and ¢ is selected via the
relations

Ny
(Py = iglai(g - dit)a

Ny
y="C+ Y Bi(C —et) (20)
j=1
¢
<P=/ oyycdg,
where di,ej (i=1,2,---,Ng,j =1,2,--- ,Ny) are ar-

bitrary constants, o; and f; are localized excitations
with the properties aj(=£ee) = 0, Bj(£e0) = constant.
From (20), one can show that { may be a multi-valued
function in some suitable regions of y by choosing the
functions 3; appropriately. Therefore, the function @y,
which is obviously an interaction solution of Ny lo-
calized excitations due to the property |y — oo,
may be a multi-valued function of y in these areas,
though it is a single-valued function of . Actually,
most of the known multi-loop solutions are special
cases of (20).

3.1. A Compacton-Like Semi-Foldon Structure

Here we first discuss a new type of coherent struc-
ture for the physical quantity V, and focus our attention
on a (2+1)-dimensional semi-folded localized struc-
ture, which may exist in certain intricate situations.
When the function y is a single-valued function and
o is selected as (20) with Ny = N, = 1, namely

0,

<
IN
|

1+sin*x+ cos*x,

NES

x=8+ 1)

A
= x
\Y IA
NS l\iltl NS

vi{'!.\‘ 1!’0 v/'
o“\

) "‘&\ \
/ '\“""" \‘““: \ “‘

& 1 20p 20,
2 /,'0""«,

N7 %757, 'l/"l:,
',,'z,,'/,;:,' 000t ",‘\

Fig. 1. Compacton-like semi-foldon structure for the physical
quantity V (19) with conditions (21) and (22) at timet = —2.

@y = 0.5sech?({ —0.5t),
y={ —2tanh({ —0.5t),

(PZ/C(PngdC,

we can obtain a new type of semi-folded localized ex-
citation which looks like a compacton-like loop soliton
(compacton-like semi-foldon). The corresponding co-
herent structure is displayed in Fig. 1, from which one
can find that the semi-folded coherent structure pos-
sesses a novel property, namely, it folds as a loop soli-
ton in the y-direction but localizes as a 4-compacton in
the x-direction.

(22)

3.2. Interaction between a Compacton-Like
Semi-Foldon and a 4-Compacton

Interaction between the new solitons deserves fur-
ther investigation. The interaction can be elastic or in-
elastic. It is called elastic, if the amplitude, velocity
and wave shape of two solitons do not change after in-
teraction. Fusion or fission of component solitons has
also been observed to interact in an elastic or an in-
elastic way. Here, due to the arbitrariness of the func-
tions in (19), we can discuss the interaction behav-
ior between a compacton-like semi-foldon and a 4-
compacton by selecting y as a single-valued piecewise
smooth function (21) and ¢ as

@y = 0.5sech?({ —0.5t) +0.9sech?¢,y =
¢ (23)
¢ —2tanh(¢ — 0.5t), ¢ = / oyycdl.

From Fig. 2, we can see that the interaction between
the multi-valued compacton-like semi-foldon and the
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single-valued compacton is inelastic since the ampli-
tudes of the static compacton and the moving semi-
foldon decrease. This property is different from the
known completely elastic interaction between either
single-valued and single-valued solitons [16], or multi-
valued and multi-valued solitons (foldons) [9].

4. Summary and Discussion

In conclusion, using an auxiliary equation, we suc-
cessfully obtain the variable separation solutions of the
(2+1)-dimensional BS equation. From the special vari-
able separation solution (18) and by selecting appropri-
ate functions, a novel type of interaction between the

(b)

0.01
0.008
0.006 1

V
0.004

0.002

0.01
e
~ ANy .
0L ””ﬁ' “%H o N 8
2 '“ ”l' “ ‘,9/1, 0“\\

III
-1

Fig. 2. Evolution profiles of the interaction between a
compacton-like semi-foldon and a 4-compacton determined
by (19) with conditions (21) and (23) at (a) t = —15, (c) t =
—0.1, (d) t = 15. (b) The corresponding sectional view of (a)
at y= —2 (solid line) and y = —7.08 (dotted line), respec-
tively. (e) The corresponding sectional view of (d) aty =2
(solid line) and y = 7.08 (dotted line), respectively.

multi-valued and the single-valued solitons is found.
By means of the derived profiles, one finds that their in-
teraction is inelastic, which is different from the com-
pletely elastic interaction between either single-valued
and single-valued solitons, or multi-valued and multi-
valued solitons (foldons).

Moreover, the work in this paper gives an exam-
ple about how to use a direct and simple method to
obtain variable separation solutions for other (2+1)-
dimensional systems, since Zheng et al. [8, 9] applied
the mapping method only for the BKK hierarchy. It is
implied that this simple and direct method is an alterna-
tive method to realize variable separation for the (2+1)-
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dimensional systems. This work is worthwhile further
studying.
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